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ABSTRACT. Let A be an R-order in a semisimple finite dimensional
K-algebra, where K is an algebraic number field, and R is the ring of algebraic
integers of K. Denote by C(A) the reduced class group of the category of locally
free left A-lattices. Choose A = ZG, the integral group ring of a finite group G,
and let A’ be a maximal Z-order in QG containing A. There is an epimorphism
C(A) —C(A"), given by M—=A' ®, M, for M a locally free A-lattice. Let D(A) be
the kernel of this epimorphism; the groups D(A), C(A) and C(A") are all finite.
Our main theorem is that D(ZG) is a p-group whenever G is a p-group. This
generalizes Frohlich’s result for the case where G is an abelian p-group. Our
proof uses some facts about the center F of QG, as well as information about
reduced norms. We also calculate D(ZG) explicitly for G cyclic of order 2p,
dihedral of order 2p, or the quaternion group. In these cases, the ring ZG can be
conveniently described by a pullback diagram.

1. Introduction. Let R = alg int{K} be the ring of all algebraic integers in an
algebraic number field K, and let A be an R-order in a semisimple finite dimen-
sional K-algebra A. By a A-lattice we mean always a left A-module which is
finitely generated and torsionfree as R-module. For each maximal ideal P of R,
let R, denote the localization of R at P, that is,

Rp= {a/B: a, B €R, B ¢ P}
Set AP =R, ®y A, an Rp-order in A.

Two A-lattices M, N are in the same genus if Mp = N, for each maximal
ideal P of R. We shall call M locally free if M is in the same genus as some
free A-lattice A; here, A denotes the direct sum of 7 copies of A. In this
case, we call 7 the A-rank of M, and write 7 = rank, M. Of course, every locally
free A-lattice is projective as left A-module.

We next define the (locally free) projective class group P(A) as follows: let
B denote the free abelian group generated by symbols [M], one for each isomor-
phism class of locally free A-lattices. Let 930 be the subgroup of B generated by
all expressions [L @ M] - [L] ~ [M] where L, M are locally free A-lattices.
Then set P(A) = 93/%0, an abelian additive group. There is an additive epimor-
phism P(A) — Z, induced by the mapping [M] — rank, M; this epimorphism is
split by the mapping 7 — A™), n € Z, n> 0. Let C(A) be the kernel of this
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epimorphism, so C(A) is the subgroup of P(A) consisting of all expressions
[M] - [N], with M, N locally free of the same A-rank. Clearly,

P(A)=Z % C(A)
as additive groups. For brevity, we refer to C(A) as the class group of A. It is
easily seen that [M] - [N] =0 in C(A) if and only if M and N are stably isomor-
phic, that is, M+ A’ 2 N 3 AS) for some nonnegative integer s.

The methods of proof in Swan [13] show at once that every element of the
class group C(A) is expressible in the form [J] - [A], where ] is a locally free
left A-lattice in A. Since there are only a finite number of isomorphism classes
of such J’s (by the Jordan-Zassenhaus theorem), it follows that C(A) is neces-
sarily a finite group. Note further that [J,]1-[A]=1[],]~[A] in C(A) if and only
if J; and ], are stably isomorphic; that is, J, + AG) I+ AS) for some
nonnegative integer s.

For the case where A = RG, the integral group ring of a finite group G,
Swan [13] proved that every projective A-lattice is locally free. Thus our C(A)
is the usual ‘‘reduced projective class group.”’

On the other hand, let A’ be a maximal R-order in a semisimple K-algebra A.
A projective A'-lattice M’ is called special if K ®, M' is A-free. From the
theory of maximal orders (see [4], [12] or [15]), we know that every A’-lattice
M' is projective, and that M’ is locally free if and only if M’ is special. Thus
our C(A") is the usual *‘reduced special projective class group.”’ Since most of
our calculations below depend on working with locally free lattices, it seems
desirable to single out this class of projective lattices rather than the class of
special projectives.

Suppose now that A’ is a maximal R-order in A containing A. There is then
an additive homomorphism P(A) — P(A’), induced by letting

Ml = [A"®, M], M = locally free A-lattice.
This homomorphism induces a homomorphism 7: C(A) — C(A'), and Swan [14]
showed that 7 is in fact an epimorphism. Let D(A) be the kernel of 7, so there
is an exact sequence of additive groups
0 — D(A) — C(A) = C(A") - 0,
and obviously
|C(A)| = |[D(A)] - |C(A")].

The class group C(A’) of the maximal order A’ is easily determined, and
hence we can find the order of C(A) by calculating that of D(A). In this direc-
tion, Frohlich [8] has shown that |D(ZG))| is a power of p whenever G is an
abelian p-group. One of the main results of the present article is the fact that
|ID(ZG)| is a power of p, for an arbitrary finite p-group G, not necessarily
abelian. We may remark that this conclusion need not hold, even for abelian

p-groups, when Z is replaced by some larger ring of algebraic integers. This
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already follows from the work of Ullom [16].

We have also included explicit calculations of C(ZG) and D(ZG) for the fol-
lowing groups G: cyclic group of order 2p, dihedral group of order 2p, quaternion
group of order 8. Here, p is any odd prime. Some of these calculations could be
simplified slightly by using Milnor’s Mayer-Vietoris sequence in K-theory (see
Bass [1]). We have avoided using this sequence, however, in order to illustrate
the computational aspects of our present approach. A later work [18] will be
devoted to K-theory calculations.

The following notation will be used throughout:

rad = Jacobson radical.

(R)™ " = ring of all n x n matrices over a ring R.

M®) _ direct sum of & copies of M.

Rg = P-adic completion of the integral domain R at a prime P of the quo-

tient field of R.

3, % : direct sum.

anng X = {a € R: aX = 0} = R-annjhilator of the R-module X.

u(A) = group of units(2) of the ring A.

General references for this paper are [11], [12] and [15]. The authors wish
to thank Professor A. Fréhlich for some helpful conversations, and for pointing
out Lemma 3.4 below.

2. Addition in the class group. The purpose of this section is to review
some well-known results for the convenience of the reader; proofs may be found
in the general references cited at the end of $1. As before, we let A be any
R-order in the semisimple K-algebra A.

Suppose that M is a locally free A-lattice of A-rank 7. It follows readily
from the approximation theorem for algebraic numbers that, given any nonzero
ideal q of R, there exists a A-embedding M — A") such that

annR(A(')/M) +q=R.
The methods of proof in Swan [13] then show that there exists a locally free
left A-lattice ] in A such that M 2 A”~1) 3 |, Hence every element of the
(locally free) class group C(A) is expressible in the form
i= [J1-[Al, ] =locally free A-free lattice in A.

As pointed out in $1, we have Xy =%, if and only if J, and ], are stably
isomorphic.

How can we calculate Xptxg, in C(A)? First of all, embed J; in A so
as to get a A-exact sequence

(2) A unit of A is an element of A which has a two-sided inverse in A.
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3
1

(2.1) O—b]l——-’A—oTl—oO,

with Tl an R-torsion A-module. Then choose a A-exact sequence
i

(2.2) O-—»JZ-—Z-»A—-sz—»O,

with T2 an R-torsion A-module such that

(2.3) annRTI + annRT2 = R.

It follows easily that the map (i}, i,): J; + ], — A is a A-epimorphism, and
hence that
(2.4) Iy ¥, =A T,
for some A-lattice J; in A. We may conclude from this that for each maximal
ideal P of R,
. ~AA

where the subscript P indicates passage to P-adic completions. Since the Krull-
Schmidt theorem is valid for Ap-modules, the above isomorphism implies that
Ap =~ (]3)‘3. This in turn implies that AP = (]3)P’ so we have verified that I;
is also locally free. The operation of addition in C(A) is then given by the
formula: Xp Hxp, =%,

For the remainder of this section, suppose that A is commutative. Let us
show that the A-lattice J 3 occurring in (2.4) is such that

_]3.."4_’]l -], ( = product of A-ideals in A).
Indeed, from (2.1) we obtain an exact sequence of A-modules
0—-J,®],—-],—T,®],—0,
where ® means ®,. On the other hand, from (2.2) we get an exact sequence
A
Tor) (T, T)—=T,®], =T, =T, ®T, (—0).
By virtue of (2.3), the first and last terms of the above sequence vanish, and
thus T, ® J, = T,. Consequently there is an exact sequence
(2.5) 0-11®],=],=T;—0.
Applying Schanuel’s lemma to the pair of sequences (2.1) and (2.5), we obtain
I ¥1,=AL(,0T,).

Since the map £ ® 7 — &7 gives an isomorphism |, ® J, & ], - ],, we may
conclude that
(2.6) J, ¥ 1, =AY ] ], and PRI PRI in C(A).

On the other hand, since A is commutative, we may define an ideal class
group C(A) in a more natural manner, as follows: Relative to the usual multipli-

cation of A-ideals in A, the locally free A-lattices(3) in A form a multiplicative
group I(A). The set of all principal ideals

(3) Note that every locally free A-lattice in 4 is invertible.
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{Ax: x € A, x invertible in A}

forms a subgroup I_O(A) of I(A). We now set
C(A) = IAV/I(A),

the multiplicative group of classes of locally free A-ideals in A. (This group
C(A) is the same as Pic (A); see Bass [1].)

Let us show that the multiplicative group C(A) is isomorphic to the additive
group C(A). Define a map pu: C(A) — C(A) by

plideal class of J) = [J]1 - [Al,

where ] is any locally free left A-lattice in A. The definition is meaningful,
since if J, is in the same ideal class as |,, then |, = |, as left A-modules,
and thus

[, - (Al = [ )= [A] in C(A).
We have already remarked at the beginning of this section that p is epic. We
claim that y is one-to-one. For if [J] = [A] = 0 in C(A), then

(2.7) JFADA L AD

for some nonnegative integer r. But the (r + 1)st exterior power (over A) of

]+ A" is ] itself. Hence (2.7) implies that | & A, that is, | 61_0(1\). This
completes the proof that p gives a one-to-one mapping of C(A) onto C(A). Equa-
tions (2.6) show that p is a group homomorphism, so we have established the
isomorphism C(A) 2 C(A).

In a forthcoming article [17], Frohlich has considered the group Pic(ZG) for
non-abelian G. The authors wish to thank Professor Fréhlich for the opportunity
of reading a preliminary version of this article. The relationship between Pic(ZG)
and our C(ZG) will be investigated in a future work [19].

3. Explicit formulas for the class group. Returning to the general case, we
fix the following notation for the remainder of this article. Let A be any R-order
in the semisimple K-algebra A, and let A' be some maximal R-order in A con-

taining A. We may write

A= "A;, (simple components),
m
(3.1) A= Z'Ai, Ai = maximal R-order in A,
i=1

m
F=3 'K, K,=centerof A, C=)"R, R;=algint{KJCA,

m
i=1 i=1
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Each A, is then a maximal R -order in the ith simple component A, of A. Fur-
ther, F is the center of A, and C is the unique maximal R-order in F.

(1) Reduced norms. Let Nl.: Ai — Ki be the reduced norm map. If Ai happens
to be a full matrix algebra (Kl.)m PMi o ver the field K;, and if we let the element
x € A, map onto the m  x m; matrix X over K, then Nl.(x) = det x. In the general
case (see [2]), the reduced norm N, is obtained by first passing to a splitting
field for A;, and then using the preceding comment.

Now define the reduced norm map N: A — F by working in each simple com-
ponent separately, that is, N = 2'N.

In order to describe the image Ni(Ai) in K, we proceed as follows. For P
any prime of K, (finite or infinite), let (Ki)ﬁ denote the P-adic completion of K.
Set

(4)5 =Ky ®'<,' A,

a simple algebra with center (Ki)ﬁ' Ve shall say that P ramifies in A, if
(A i)ﬁ is not a full matrix algebra over the field (Ki)f" A proof of the following
result of Hasse may be found in Swan-Evans [15, Theorem 7.6]:

(3.2) Theorem. A nonzero element a € K, lies in Ni(Ai) if and only if
ap >0 for every real infinite prime P of K, which ramifies in A,. Here, ap

denotes the image of a in (Kz‘)ﬁ‘

(ii) The Eichler condition. Call A, a totally definite quaternion algebra
(over its center Ki) if every infinite prime P of Ki is real, and for every such P
the algebra (A i)ﬁ‘ is a quaternion skewfield over its center (Ki)ﬁ’

We shall say that the algebra A satisfies the Eichler condition if no simple
component A, of A is a totally definite quaternion algebra. Commutative alge-
bras automatically satisfy the Eichler condition.

(iii) Localization. Let | be a nonzero ideal of R (eventually to be chosen
so that [- A’ CA). Call an element a € F prime to T if, for each prime ideal P
of R dividing |, a is a unit in the localization Cp. Rather than use idtles, we
introduce the semilocal ring

sz Pdifles 1:RP ={a/B: a, B €R, B prime to f}.

This ring is a principal ideal domain, with maximal ideals {P - R_: P divides f}.

f

Now set
AT=RT ®RA, Cf=Rf®RC’
and so on. It is then clear that an element a € F is prime to | if and only if
a € u(C T)’ the group of units of Cf'
Likewise, an element x € A is said to be prime to | if x € u(Af), that is,
if Af = Af - %. In this case, it follows that A'c=A'c . x, so that x is prime to |

when we view x as an element of the larger order A’. The converse is also true, however:
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(3.3) Lemma. Let x € ACA', and suppose that x is a unit in A'f‘ Then x

Ix]

is also a unit in AT' Hence the property of being ‘‘"prime to ['' is independent

of the choice of R-order.
This lemma is an immediate consequence of the following more general fact:
(3.4) Lemma. Let AC A’ be R-orders in A. Then A Nu(A') = u(A).

Proof. Let x € A; we must show that x € «(A) if and only if x € u(A'). Now
x € u(A) if and only if A = Ax, so we need to prove that A = Ax if and only if
A’ = A'x. Let [A: Ax] denote the order ideal of the R-torsion A-module A/ Ax,
that is, [A : Ax] is the product of the R-annihilators of the R-composition factors
of A/Ax (see [3] or [7]). Relative to a K-basis of A, right multiplication by x
acting on A gives rise to a matrix M(x), and we have

[A : Ax] = R - det M(x).
Since the same equation holds with A replaced by A’, we obtain [A : Ax] =
[A’ : A'x]. This implies the desired result.

Remark. Using the notation of the preceding proof, we may observe that
every prime ideal of R which divides C - N(x) also divides R - det M(x), and
conversely: Hence an element x € A is a unit in A if and only if N(x) is a unit
in R.

Now let u(l\‘:) be the group of units of the ring Af . Obviously

{x € A: x prime to [} C u(A f)’

by definition of ‘‘prime to [’’. On the other hand, any element y € u(A¢) is
expressible as y = x/7, with x € A, 7 € R, where 7 is prime to |. Then both x
and 7 are elements of A prime to |. This shows that u(AT) is the multiplica-
tive group generated by the set

{x € A: x prime to f}.
Furthermore, the preceding remark shows that an element x € A is prime to | if
and only if its reduced norm N(x) is prime to .

(iv) Explicit formulas when Eichler condition holds. Hereafter, let | be a
nonzero ideal of R such that {. A’ C A, where A’ is a maximal R-order in A
containing A. Such an ideal | always exists. (For example, when A is the in-
tegral group ring RG of a finite group G, we may choose | = |G| - R.) Denote by
I(C, ) the multiplicative group of all C-ideals in F, nonzero at each component,
which are prime to .

Let I(A) be the subgroup of I(C, ) generated by all ideals

{C - N(x): x € A, x prime to f}.
Since (C - N(x)) - (C - N(y)) = C - N(xy) for x, y € A prime to [, and since the
set of elements {x € A: x prime to [} generates the group u(AT), we conclude at
once that



8 I. REINER AND S. ULLOM [August

(3.5) I(A) = §{C - N(x): x € u(Af)}.
Likewise, we set

(3.6) KA') = {C - N(y): y € u(A’ f)}'
We now quote the following basic result due to Jacobinski [9]:

(3.7) Theorem. If the algebra A satisfies the Eichler condition, then there is

a commutative diagram

C(A) = I(C, P/IA)
n| al
C(AN = 1(C, /1IN
where 1 is defined by applying N' ®, - to A-lattices, and n' is the natural epi-

morphism. Consequently,

D(A) = ker n=2I(A")/I(A).

Remark. The groups I(A") and I(A) depend on f. However, Jacobinski
showed that (up to isomorphism) the groups C(A), C(A') and D(A) are independent
of the choice of the maximal order A’ containing A, and are also independent of
the choice of the nonzero ideal | of R such that [.A’'CA.

Let us now define a homomorphism
6: u(A'T) — I(A")

by setting 0(x) = C- N(x), x € u(A’ f). Then 6 is an epimorphism with kernel

tx € u(A's): N(x) = unit in C}.
Denote by C* the group of units of C, and set

N-HC*) = {x € A: N(x) € C*}.
Then

ker = u(A'f) AN-1(CH),
and therefore
u(N'g)/{u(A'p N N-HC =AY,

However, N~ 1C®) < «(A'¢) - N=1(C™), since N~1(C*) contains the commutator

subgroup of w(A’ f)’ We thus may deduce from the above isomorphism the fact that
(w(A'p) - N=HCH/N~HCH=IA"),

where the isomorphism is induced by letting an element x in the numerator map
onto C - N(x).
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In the same manner, we obtain
WA - N=HCH)/N=HCH=IA).

Consequently, we have
A7y A NTHCH) u(A's)
(3.8) D(A)= W) = ! = '

T A - NHC®  w) A ulh) - N

Note that z(A f) N-HCH < u(A'f)N’ (™), since N~1C™) contains all commu-
tators. Formula (3.8) avoids the use of reduced norms, except for the calculation
of N=X(cC™).

We conclude this subsection by giving Jacobinski’s construction for the ele-
ment 3x € D(A) which corresponds to an element x € «(A’'¢) in the isomorphism
(3.8). Namely, write x = yz~! with both y and z in A’ and prime to f. Then
8x =[AnA'y] -[ANA'z] is the desired element of D(A). (It is easily checked
that both AN A’y and A NA'z are locally free A-lattices, and that 5, lies in
the kernel of the mapping C(A) — C(A").)

(v) Explicit formulas in the general case. We now turn to the case where A

need not satisfy the Eichler condition. Let us form

E(A+ A) = HomA(A YA AT A).

Suppose that the ith simple component A, of A is given by A, = (Di)mixmi ’
D, = skewfield with center K.. Then

i 2m X2m .
E(43+4)=y (D) "F 1,
i=1
Thus E(A + A) has the same center F as A, and is a semisimple K-algebra

which automatically satisfies the Eichler condition. Furthermore,
E(A'+ A') =Hom ,,(A" + A", A" + A")
is a maximal R-order in E(A i A).
Let N*: E(A + A) — F be the reduced norm map. We shall say that an ele-

ment x € E(A + A) is prime to [ if x is a unit in {E(A + A)}f, or equivalently,

if N*(x) is prime to f. There is an obvious ring isomorphism
E(A + A §=E(A5+ Ay,

and we shall always identify these rings with one another. As before, let I(C, f)
be the group of all C-ideals of F prime to f, and let J(A) be the subgroup of
I(C, [) generated by the set of all principal ideals

{C-N*(y):y e E(A +A), y prime to f}.

As in the preceding section, we obtain
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(3.9) J(A) = {C - N*(y): y = unit in E(Af -'l-/\f)}.
Likewise, we set

(3.10) J(A) ={C - N*(y): y = unit in E(A'f + A'T)}.
The following basic result is due to Jacobinski [9]:

(3.11) Theorem. Whether or not A satisfies the Eichler condition, there is a
commutative diagram

c(N=iC, /]

n] 7
c(AY=1(c, H)/J(A")
where 1 is defined by applying N’ ®, toA-lattices, and n" is the natural epi-

morpbism. Consequently,
D(A) = ker n=XJ(A')/](A).

Up to isomorphism, these formulas are independent of the choice of maximal order
A' containing N, and of the ideal | of R such that |- A'CA. Furthermore, when

A satisfies the Eichler condition, we have
JA)Y =KA"),  J(A) = I(A).

There are obvious analogues of formula (3.8), which we shall not write down

explicitly.

4. Functorial property of class groups. We intend to show that any group epi-

morphism G —» G induces epimorphisms (of additive groups)
(4.1) C(RG) —» C(RG),  D(RG) —» D(RG).

This will be a consequence of some fairly general considerations, together with
the formulas given in §3. Let A be any R-order in the semisimple algebra A, let
A' be a maximal R-order in A containing A, and let | be a nonzero ideal of R
such that f-A’CA. Let A — A be an epimorphism of K-algebras, and let A map
onto the R-order A. We shall show that there are epimorphisms
(4.2) C(A) —» C(A),  D(A) —» D(A)
which of course imply the analogous results for the special case in (4.1). For
convenience, we treat only the case where A satisfies the Eichler condition,
since the proof in the general case proceeds in an entirely similar manner.

The kernel of the map A — A is a two-sided ideal in A, hence is a direct
sum of some of the simple components of A. This kernel is therefore expressible
in the form A(1 — e), where e is some central idempotent in A. Then e maps onto

€ €A, where  is the identity element of Z, and we have A = Ae ® A(1 - ),
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Ae = A,Ae = A. Letting C again denote the maximal R-order in the center F
of A, it is clear that e € C, and thus C = Ce @ C(1 - e).
Let N', N" be reduced norm maps, where

N': Ae — Fe, N": A(1 — e) — F(1 — ¢).
Then N=N'4 N"; that is,
N(x) = N'(xe) + N"(x(1 — ¢)), x €A.

There is an obvious map from the group of C-ideals in F onto the group of
Ce-ideals in Fe, given by a — ae. This map induces an epimorphism.
r: I(C, [) — I(Ce, T).

If x €u(A¢), then xy = 1 for some y € u(Af). Therefore, xe - ye = e, so xe €
u(Af - e). Furthermore, for x € u(Af), we obtain

(4.3) 7{C - N(x)} = Ce - N(x) = Ce - N'(xe).
This implies at once that 7 maps I(A) into I(Ae), where
I(A) = {C - N(x): x € u(AT)}, I(Ae) = {Ce - N'(2): z € u(AT - e)l.
Hence 7 induces an epimorphism
IC, §)/I(A) —» I(Ce, T)/I(Ae).

Since Ae 22 A, we deduce from Theorem 3.7 that there is an epimorphism C(A)
—» C(A), as claimed.

Next we note that e € A', and therefore A’ = A’'e ® A'(1 - €). This shows
that C(A’) = C(A’e) ® C(A'(1 - ¢)), so there is also an epimorphism C(A") —»
C(A'e).

It remains for us to prove the existence of an epimorphism D(A) —= D(A).

Now A'e is a maximal order in Ae containing Ae, and
I(A'e) = {Ce - N'(2): z = unit in A": - el.
Given any unit z € A'¢ . e, we may find an element x € u(A’ f) such that z = xe.

But then formula (4.3) shows that Ce-N'(z) lies in the image of 7. This proves
that 7 maps I(A') onto I(A'e). Therefore r induces an epimorphism

IAA")/I(A) —» I(A " e)/I(Ae),
so we have shown the existence of an epimorphism D(A) —» D(A), as desired.

5. Odd p-groups. Let G be a finite p-group, where p is any prime, and set
A =0G, A =2ZaG. Keep the notation of §3, especially that listed in (3.1). We may
choose the ideal = |G| - Z, and hence we may write “‘prime to p’’ in place of
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“‘prime to |’ throughout. The discussion splits into two cases, depending on
whether or not p is odd. We shall consider first the easier case where p is odd.
We begin by recalling some preliminary results from representation theory

and algebraic number theory.

(5.1) Theorem. Let G be an odd p-group, and let K. denote the center of the
ith simple component of QG. Then for each i, the field K, is a cyclotomic field
Q(w) for some p™th root of unity w. There is exactly one simple component, say
A, for which K, =Q; infact, A =K =Q. Furthermore, each A is a full ma-

trix algebra over K..
Reference. Feit [6, (14.5)]; the result is due to Witt and Roquette.

(5.2) Theorem. Let K, = Q(w), where w is a primitive p"th root of unity,
with n> 1. Let R, = algint{Kz.i. Then there is a unique prime ideal P, of R,
containing p, and R, /P, == Z/pZ. Given any element a € R, prime to P, there
exists an element 3 € R, such that B =1 (mod P)), and R, -a =R, - B.

Proof. The uniqueness of P, and the fact that Ri/Pi o Z/pZ, both follow
from the well-known result that p is completely ramified in K.. Now let a € R,
be prime to P ; then we can choose m € Z such that a =m (mod Pi)’ and
clearly p*m. Set u = (0™ - 1)/(w = 1). Then u is a unit in R,,and u =
m (mod Pi) since Pi=(1 - w)Rl. . The element B = u~ 1y satisfies the desired
conditions.

It is clear from (5.1) that A satisfies the Eichler condition, and that for each
i, no infinite prime of K, ramifies in A . As in $3, let I(C, p) be the group of

all C-ideals in F which are prime to p, and set

IA')={C . N(x): x € u(A'p)}, I(A) ={C - N(x): x € u(Ap)}.
We have seen that C(A") = I(C, p)/I(A"), C(A) = I(C, p)/I(A), and that D(A) =
IA")/KA). Now

m
A’p gzl ) (Az’)p’ (Ai)p% full matrix algebra over (Ri)p’
1=

from which it is clear that I(A") consists of all principal C-ideals in F which
are prime to p. Therefore,

m
cA=]] cr),
i=1
where C(R.) is the ideal class group of R .
1 I3

One of our main results is as follows:

(5.3) Theorem. Let G be an odd p-group. Then |D(ZG)| is a power of p
(possibly equal to 1).



1972] CLASS GROUPS OF INTEGRAL GROUP RINGS 13

This theorem was established by Frohlich [8] for the case where G is an
abelian p-group. We devote the remainder of this section to proving the result for
an arbitrary p-group, p odd. In the next section, we shall prove the corresponding

result for the case where p = 2.

(5.4) Lemma. There is an epimorphism of multiplicative groups

0:1 +rad A'p — (A )/I(A),

given by
0(x) = C - N(x) modI(A), xe€el+ radA'p.

Proof. First of all, it is clear that 1 + rad A’ is a multiplicative group.
Next, each x €1 + rad A'p is a unit in A'p, and hence C - N(x) € I(A"). There-
fore, 6 maps 1 + rad A'p into I{A")/I(A). Since the reduced norm map N is mul-
tiplicative, 8 is a homomorphism, and we need to prove that 8 is an epimorphism.

Let Ca €I(A"), where a €F is prime to p. Then a=Z2a_, with a; €K,
prime to P, (using the notation of (5.2)). Fix the notation so that 4| = K, =0,
and Ki #Q for i>1. Choose r €Z prime to p so that raeC and ra, =1 (mod p).
If we replace Ca by C - aN(r), the coset mod I{(A) is unchanged, but now each
new a is an element of R, and a, =1 (mod p).

Changing notation, consider the element Ca € I(A"), where a = X a,, with
each a; € Rz. prime to Pi , and where a, = 1 (mod p). By (5.2) we can choose
B; €R; with

,81. =1 (mod Pi)’ Ri . Bi = Rz. ca; for all i.

(For i = 1, take Bl = al.) Letting 8 = EBI. , we see that Ca = Cf3, and hence it
suffices to show the existence of an element x €1 + rad A’ » such that N(x) = .
We may write

= Z. Aia (Al)p = Z (Ai)p = Z.(Ai)Pi,
and thus
rad A'p = Z rad (Ai)Pl

Now each A; is a full matrix algebra over K,, and so the theory of maximal orders
tells us that each (Ai) ; is a full matrix ring over (R )P , and furthermore
rad (Ai)Pi =P,-(A)p . For each i, choose x,€l+P, - (A ) .C A, such that
x, is represented by a dxagonal matrix with dxagonal entries Bi » 1,-++, 1. Then
Ni(xi) =B, , and setting x = 2z x;, we have found an element x €1 + rad A’ » such
that N(x) = B. This completes the proof of the lemma.

(5.5) Lemma. Let I" be a ring with unity, and let L be a left ideal of T such
that L CradI'. Define 1 + L ={1 + x: x € L}. Then 1+ L is a multiplicative

group contained in I'.
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Proof. Clearly 1 + L is closed under multiplication, and we need only check
the existence of inverses. Each x € L lies in rad I, so 1 + x has a two-sided

inverse w in I'. Then w(l + x)=1,so w=1-wx €1 + L, as desired.

(5.6) Lemma. Let us set X' =rad A'p, X = X'OAP. Then 1 + X is a sub-
group of the multiplicative group 1+ X', of index a finite power of p.

Proof. We imitate Frohlich’s proof in [8]. For sufficiently large t, we have
LAY ' t '
(X)Cp-Ap, p-ApcAp.
Thus for large 7 we obtain
5.7) (X')'Cp-/\p, X"Cp -ApCrad Ap.

Since X is a two-sided ideal of Ap, and X" C rad Ap, it follows that also X C
rad Ap. Hence 1 + X is a multiplicative group, by (5.5).
For i > 1, we observe that (X} + X is a two-sided ideal of the ring (X")* +

Ap, and
(X)) 4+ XY (X )+ 4+ XTHECpi(X )+ A} Crad {(X") + A}

It follows from (5.5) that 1 + (X')? + X is a multiplicative subgroup of 1 + X'.

Now consider the epimorphism
w1+ (XD X = (X)) + X)) 4+ x)
defined by

pl+x)=x+ (X)X, xe(X')+X

It is easily seen that pu is a homomorphism of a multiplicative group onto an addi-

tive group, and that
kerel of p=1+ (x ")+ 4 x.
Therefore
1+(X")Y+x (xX")+x
=~ : .
1+ (x*hex  (x")# e x

(5.8)

Since (X')' cX by (5 ,7)’ we have
r—1 ] .
x4+ XI=J] 0+ (X 4 X1+ (x4 X]
i=1

r—1

=H[(X')i+ X: (x4 x],
i=1
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with the last equality a consequence of (5.8). Thus
T+ x":1+x1=[x": X

But p'X'C X, and X' is finitely generated over R. Hence the index [X': X] is a
finite power of p, and the lemma is established.

We are now ready to conclude the proof of our Theorem 5.3. We have just
shown that 1 + X is a subgroup of 1 + X', of p-power index. Denote by (1 + X)*
the normal closure of 1 + X in 1+ X'. Then (1 + X)* is generated by elements of
the form y(1 + x)y~!, y €1+ X', x € X. Let 8: 1 +X' = I(A")/I(A) be the epi-
morphism defined in (5.4). Then

6ly(1 + x)y~1} = C - N(1 + x) mod I(A),
=1 mod I(A),

since 1 + x € u(Ap). Hence 6 induces an epimorphism
(1 + X)L + XP*—» I(A")/1(A) = D(A).

Since [1+ X': (1 + X)*] is a divisor of [1 + X': 1 + X], it follows from (5.6) that
(1+X)/(1 + X)* is a finite p-group. Hence D(A) is also a finite p-group, and
the theorem is proved.

Professor L. McCulloh has suggested an alternative proof of (5.3). Denote by
1,(C, [) the subgroup consisting of all principal ideals of I(C, ), and by S(C, f)
the subgroup of 1(C, [) consisting of ideals which possess a generator a such that a=
1 (mod*f).(4) Those ideals C - 2 a,, a, € Ki , which satisfy the additional con-
dition that (ai)A > 0 at those infinite primes P of K. ramified in A, form a sub-
group denoted by S*(C, f). Of course, I, S, S* are the direct sums of the corre-
sponding groups for each simple component.

In [9, proof of Lemma 2.6] Jacobinski proved that I(A) D S*(C, ) if A satis-

fies the Eichler condition, so we have a chain of ideal groups
1,(C, D IA") D 1(A) 5 s¥(C, .

Now take A = ZG, G an odd p-group of order p”. In this case S(C, [)=S*(C, ).
We first show that IO(R'i , f)/S(Ri , ) is a (finite) p-group for i > 1. By (7.12) we
must show that u(Ri/p"Rl.)/u'(Ri) is a p-group. Now the numerator has order
equal to (p — 1) times a p-power. Since u'(Ri) contains the subgroup of order
p -1 generated by the cyclotomic units (1 - ©")/(1 - @), 7 prime to p, it follows
that u(R,/p"R)/u'(R)) is a p-group. (We have used (5.1) and (5.2).)

Now A, =K, =0 and’

1(Z, p"2)/S(Z, p"2Z) = u(Z/p"Z)/{+ 1}

(4) This notation is explained in § 7 just before (7.12).
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The second paragraph of the proof of (5.4) shows that the A -component of any
element of I(A") modulo I(A) has a generator which is integral and =1 (mod p).
It follows that I(A')/I(A) is a p-group, as claimed.

6. The case p = 2. We now turn to the more difficult case where G is a
finite 2-group, again setting A = QG, A = ZG, and keeping the notation of $3.
For certain choices of G, the algebra A may fail to satisfy the Eichler condition,
and thus we must use Theorem 3.11 rather than (3.7) in order to calculate D(A).
We have D(A) = J(A')/J(A), where

JA') ={C - N*(x): x = unit in E(A'2 T A'z)},
J(A) = {C - N*(x): x = unit in E(A, +A,)}.

We are going to prove the analogue of Theorem 5.3 for the present case,

namely:

(6.1) Theorem. For any 2-group G, the order of D(ZG) is a power of 2
(possibly equal to 1).

To start with, we need a pair of preliminary results.

(6.2) Theorem. Let G be a 2-group. For each i, the center Ki of the ith
simple component A, of A is a subfield of a cyclotomic field 0(w), where w is
some 2"th root of unity. There is a unique prime ideal P, of R, containing 2,
and R, /P, = Z/2Z. Each a € R, which is prime to P, satisfies the congruence
a=1 (mod Pl.).

Proof. The field K, is obtained from Q by adjoining values of irreducible
complex characters of G (see [3] or [6]). Therefore, K, C Q(w) for some 2"th root
of unity w. The remaining assertions are obvious, since 2 ramifies completely

in Q(w), hence also in K,.

(6.3) Theorem (Eichler [5]). Let S = algint{L}, and let " be a maximal S-
order in the simple algebra B with center L. Assume that B satisfies the Eichler
condition. Let N: B — L be the reduced norm map, and let & be any two-sided
ideal of I'. Let x €I be such that

N(x) = unit of S (mod S N a).

Then there exists a unit u of I such that x = u (mod a).

Taking this result for granted, we continue with the proof of Theorem 6.1. We
have seen in $3 that E(A i A) is a semisimple algebra with center F, and that A
satisfies the Eichler condition. Furthermore, E(A’ + A') is a maximal R-order in
E(A + A). To simplify the notation, let us write

m
E'=EA'+ A= Z E!, where E' = E(Al. + Ai)’

i=1
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Let Ni*: E(A;+A)) — K, be the reduced norm map, and define N*: E(A + A) —F
by setting N* = E'Nz.*.

(6.4) Lemma. There is an epimorphism of multiplicative groups

¢: 1 +rad E'2 — J(A"),

given by ¢(y) = C - N*(3), y € 1 + rad E'Z. Here, E"2 denotes the localization
of E' at the rational prime 2.

Proof. As in the proof of (5.4), it is clear that ¢ gives a multiplicative
homomorphism of the group 1 + rad E'2 into the group J(A'). This latter group is
generated by the set of elements

{C-N*x):x e E’', x prime to 2}.

Hence, to show that ¢ is epic, it suffices to show that for each such x we can
find an element y €1 + rad E'2 such that C - N*(y) = C . N*(x).

We observe that

=X (Y, = T E)p, radE, -3 rad (EDp

with the {Pi} defined as in (6.2). The entire computation can be performed com-
ponentwise, so our problem reduces to the following:

Given x; € E! prime to P, show that there exists an element y, € 1 +
rad (E’)Pi such that

(6.5) R, N*y) =R, N¥x).

Now Nl.*(xl.) € R, is prime to P, (since x, is prime to P ), and therefore (by
6.2)) Nl.*(xi) =1 (mod P)). We shall now use (6.3) for the case when B =
E(4;+4), T =E'=EA,+A),L=K,S=R,a=P E,ans= P,. It fol-

lows that there exists a unit u; € E*! such that

x,=u; (mod Pl.Ei).

Hence ui' lxz. =1 (mod Pl.Ei), and thus

uz." lxl. —-1le€ Pl.Ei Crad (Ei)Pi

-1

Let us now set y;=u; x,,s0y,€1+rad (E') - Since N; (u) is a unit in

R;, it is clear that (6. 5) is vahd Thus y; has the desired propetnes and if we
set y=2y., then

y€l+rad E'), C-N*y)=C-N*x).

This completes the proof of the lemma.
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Remark. If we had used Eichler’s Theorem 6.3 for the case where p is odd,
we would not have needed to use the result from (5.1) that A is a full matrix
algebra over K.

It is now an easy matter to complete the proof that |D(ZG)| is a power of 2.
The argument given at the end of §5 carries over unchanged to the present case,

and shows that ¢ induces an epimorphism

1 +Y")/(1+ Y)*—s J(A")/J(A) 2 D(A),
where

Y'=rad E,,  Y=Y'N{EAG N,

and (1 + Y)* = normal closure of 1 + Y in 1+ Y'. As in 5, the index [1 + Y':

1+ Y] is a power of 2. Thus the order of D(ZG) is also a power of 2, as claimed.
Next we shall sketch an alternate proof of (6.1), which parallels that given

at the end of §5. Set E'=E(A’ +A') and E = E(A i A). The centers of A’ and

E' are isomorphic to C, and we have J(A") = I(E"), J(A) = I(E). Since KE'

satisfies the Eichler condition, we have a chain
1,(C, )2 JAA) D) D s¥C, ).

Let |G| = 2", [=2"Z. Using (7.12) and the fact that |«(R,/2"R )| is a power of
2, we see that I (R, 2"R)/S(R,, 2"R) is a 2-group for all i. But S(C, /st P
is also a 2-group, whence so is f(A’)/J(A), as desired.

7. Cyclic groups of order 2p. Throughout this section, let p be an odd
prime, and let G be cyclic of order 2p. We shall calculate C(ZG) and D(ZG)
explicitly, and we begin with a few elementary results on units in cyclotomic

fields. To fix the notation, let w be a primitive pth root of unity, and set
K = 0(w), R =algint{K} = Z[w], P =(1 - w)R,
-1 L=0w+0Y), S=alginiL}=Zlw+w~ 1.
Then P is the unique prime ideal of R containing p, and we have
(7.2) R/IPXSAP NS)X Z/pZ = Z (say).
For each r € Z, define

(7.3) ¢, = (0 -0 N - o Y es.

If p*r, then w is a power of w’, and hence rfr.'l € S. Thus fr is a unit in §
whenever p .

Furthermore, for each r € Z we obtain

(7.4) fr =7 (mod P).
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This follows at once from the equations
¢, = (0™ 1-0/1-0)=0""l+0?+0+. .. + 0?2
=r (mod P), since P =(1 - w)R.
Next, an elementary calculation yields

wZ(r—-s) -1 w2(7+s) -1

2 -
f,z-fs =i > >
w° -1 w -1

If r=ts (mod p), this shows that 5'2 - fsz =0. If r£ ts (mod p), each of the
three factors on the right-hand side of the above displayed equations is a unit in
R, and hence frz - fsz is-a unit in S. We have thus proved the following resule,

which however will not be needed until $8:
(7.5) Lemma. For r, s € Z, define fr, fs as in (7.3). Then

(0, r=1ts (mod p),

52-f:={

We may describe the cyclic group G of order 2p in terms of generators and

unit in S, otherwise.

relations; thus

G=(o,no? =1, r2=1, or=r0).
Let H ={r) be the subgroup of G of order 2. Our main result here is as follows:

(7.6) Theorem. Let u'(R) be the image of u(R) in u(R/2R). Then
D(ZG) = w(R/2R)/u'(R),

and consequently

|C(ZG)| = |C(R)|[«(R/2R) : u'(R)],
where C(R) is the ideal class group of R.

In proving Theorem 7.6, as well as in later calculations, we shall need some
remarks on pullback diagrams (= fibre products). Let a, b be two-sided ideals of
an arbitrary ring A with 1, not necessarily commutative. Then it is easily veri-
fied that there is a pullback diagram

A A
anb —
7.7) l 1
A A
b #a+5

that is,
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A(anNb) = {(x, y) € (A/a) + (A/D): x =y mod (a + D).

We apply this to the case where A = ZG, with G cyclic of order 2p as above.
We pick

(7.8) a = Q(O) . A, b = (0-' 1) . A,

where ®(X) =1+ X +---+ X?~1! is the cyclotomic polynomial of order p. Since
QG is free as Qlo]-module, it is clear that @ N b = 0. Furthermore, there are ring

isomorphisms

A/o &RH, A/b=ZH, AAa+ b)=ZH,

with Z = Z/pZ = R/P. The first of these isomorphisms is obtained by letting
0 — ®, the second by 0 — 1, the third by 0 — 1, Z — Z. The pullback diagram

(7.7) becomes
A———RH

(7.9) l l

ZH —ZH

We shall use bars to indicate images of elements of ZH or RH in ZH. Tensoring
with O, we see that QG can be identified with QH + KH, and that the maximal
order A’ of QG may be identified with Z?) + R(?), Further,

(7.10) A {(£, n) € ZH 3 RH: =7 in ZH}.

Once A’ has been identified with Z(?) } R(z), it remains for us to describe
A as a subring of A'. Now QH = 0?), KH = K‘?), and

ZH = {(a, a,) e z(2), ay, =a, (mod 22)},
RH =~ {(bo, bl) € R(2); by =b, (mod 2R)}.

It follows from these isomorphisms, together with (7.10), that we may identify A
with the subring of A’ consisting of all 4-tuples (ao, a, bo, bl) ez 1 R

which satisfy the congruence conditions

(7.11) aj=a, (mod 22), bo =b, (mod 2R), ayg=by a; =b, (mod P).

Now D(A) == I(A')/I(A) by Theorem 3.7. In our particular case, C = A’ and

the reduced norm map N is the identity map. Thus
KA')=fA" -x:x € "(Azlp)}’ A=A - y:y € u(Azp)§.

Denote by IO(R, ¢) the group of all principal R-ideals in K prime to the ideal ¢
of R, and define IO(Z, m) analogously as the group of Z-ideals in Q prime to the

R

integer m. Since A' =2z} , we have

AY) = 11,(Z, 263 & {1,(R, 2P)D).



1972] CLASS GROUPS OF INTEGRAL GROUP RINGS 21

Before proceeding further, we require two lemmas, the first of which is a
general result true for any algebraic number field (). Let 9 = alg int{Q}, let q be
a nonzero ideal of 9, and write ¢ = Hbiei, e;> 0, with the {bz,} distinct prime
ideals of 9. Let v, be the normalized bi-adic valuation on . For x € Q, we
shall write x =1 (mod* q).if and only if ui(x -1)> e, for each bi dividing q.
Let 10(9, q) be the group of principal 9-ideals in Q prime to 4, and let S(9, q)
be the subgroup of 10(9, q) defined by

SO, ¢)={xD: x €Q, x £0, x =1 mod* q}.

(7.12) Lemma. Let ¢ and T be relatively prime ideals of 9, and let u'(D)
be the image of u(®) in u(D/q). Then
1,9, ¢7) _ ud/q)
1,9, qv) NSO, q) — «'(D)

Hence 10(9, q7) C S, q) whenever u'®) = u(D/q).

Proof. Define a mapping «: 1,(®, q7) — «(0/4)/4'(©) by setting «(xD) =
coset containing ¥, where the element x € 0 prime to 9 maps onto ¥ € u(9/ q).
Clearly k is a well-defined homomorphism. Further, « is epic, since given any
a € u(9/q), we can find an element x € Q such that ¥ = a, x =1 (mod™ 1), and
then «(x9) equals the coset containing a.

It remains to determine ker k. Let «(x9) = 1, where x € Q is prime to qr.
Then x € ©'(D); that is, x = u (mod*q) for some u € (D). But then x® =
xu~!.9 € 89, q), which proves that

ker k C 10(9, q1) N SO, 9).
The reverse inclusion is obvious, so the lemma is established.

Now observe that z'(R) = «(R/P) by (7.4), so by the second statement in the

lemma we obtain
(7.13) 1,(R, 2P) C S(R, P).
We shall use this in a moment.

(7.14) Lemma. Let «"(R) be the image in u(R/2R) of the group {u € u(R):
u=1 (mod P)}. Then u"(R) = u'(R).

Proof.(5) Obviously «"(R) C 4'(R), and we must prove the reverse inclusion.
Let u € u(R) be given; we need to find a unit v in R such that v =« (mod 2R),

v =1 (mod P). Let 6 be the automorphism of K defined by letting w — w?. Then

u? =42 (mod 2R), £ =u (mod P),

(5) The authors wish to thank Professor L. McCulloh for providing this simple proof.
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and we need only choose v = ue/u.
We shall now complete the proof of Theorem 7.6 by constructing an epimor-
phism
Y:IA ") — u(R/2R)/u'(R)

with kernel I(A). Let bars denote images in «(R/2R), and define
Y(Za,, Za,, Rby, Rb,) = coset containing ZO/ZI,

where a; € u(Zzp), b, € u(R,p). Clearly, § is a homomorphism. It is epic be-
cause the map I,(R, 2P) — «(R/2R)/4'(R) is already epic, as follows from the
proof of (7.12).

We see from (7.11) that u(Azp) consists of all 4-tuples

(ag, @y, bo, b)), a; € uZ,,), b; € ulR, ),
which satisfy the conditions
(7.15) a4 =a, (mod* 2Z2), by =b, (mod* 2R), ay=by a; =b (mod* P).

For each such 4-tuple we have Zo = 31, whence I(A) C ker . To prove the reverse
inclusion, let (Zao, Za,, Rb, Rbl) € I(A") lie in the kernel of . By (7.13), there
exist elements ¢\, ¢, € K such that

Rbiai"l =Rc, c,=1 (mod*P), i=1, 2.

Hence Rb, = Ra;c;, soreplacing b, by a,c,, we may henceforth assume that
ag=by a,=b, (mod*P). But Y(Za, Za, Rby, Rb,) =1 implies that b/b, €
#'(R), so by (7.14) there exists a unit z € R such that by=bu (mod™ 2R), u =
1 (mod P). Replacing b, by b u does not affect the congruence a, = b, (mod™ P),
and permits us to assume that b, = b, (mod™ 2R). Since trivially a =
a, (mod™ 2Z), we may conclude that the 4-tuple (ag, @y, by, b)) satisfies all of
the conditions in (7.15), and hence that (Za,, Za,, Rb,, Rb)) € I(A). This com-
pletes the proof of the assertion about D(A). The second assertion in (7.6) is
then obvious, since C(A") = C(R) x C(R).

As a matter of fact, the epimorphism A — RH induces epimorphisms D(ZG)
— D(RH), C(ZG) — C(RH). Ullom [16] has previously shown that

|D(RH)| = [«(R/2R) : «' (R)],
from which we may conclude that D(ZG) 22 D(RH) and C(ZG) = C(RH). These

latter conclusions can also be obtained directly from (7.9) by use of Milnor’s

Mayer-Vietoris sequence (see [18]), but one is then left with the problem of calcu-
lating D(RH).

8. Dihedral groups of order 2p. Let G be the dihedral group of order 2p,
where p is an odd prime. We shall again use the notation introduced in (7.1), so



1972] CLASS GROUPS OF INTEGRAL GROUP RINGS 23

that S is the ring of algebraic integers in the subfield L of the cyclotomic field
K. The class group C(S) is then the ideal class group of S. We shall prove

(8.1) c(zGe) = c(5), D(ZG)=1.

These results are immediate consequences of Lee’s classification [10] of ZG-
lattices. Our proof is more direct, but of course provides no information about the
nonprojective ZG-lattices.

Throughout this section, we put
G= (o, o?=1,72=1,ror" ! =071y, H=(r:1?=1),
and set A =QG, A =ZG. Let x — x' be the L-automorphism of K induced by
the map w — = ! (see (7.1)). We introduce the twisted group algebra
K(r) =K®Kr, rx=x'-1, x € K.
Then K{r) is a simple algebra with center L, and is split by K:
K(r) = Hom, (K, K).

xayT? where

¢x+y,(u) = xu + yu', u € K. On the other hand, K(r) is a cyclic algebra, and as

The isomorphism is obtained by mapping x + yr € K(r) onto ¢

such has a matrix representation over K given by

4

x Yy
X + yr —> , x, y €K
y' o«

If N: K(r) = L is the reduced norm map, the above implies that

x .y
(8.2) N(x + yT) = = xxl - yy'.
U ’

y X

We may make K(r) into a QG-module by letting ¢ act as multiplication by
® on the coefficients from K. The decomposition of A into simple components
is then given by A =Q + Q + K(r). The first summand affords the trivial repre-
sentation 0 — 1,7 — 1, while the second gives 0 — 1,7 — -1.

Let us use a pullback diagram to describe the elements of A in terms of
their projections into the simple components of A. Since the cyclic subgroup [o]
generated by o is normal in G, the ideals a, b of A defined by (7.8) are two-
sided ideals of A. Furthermore, @ ~b = 0 since QG is Qlol-free. Let

R(r) = R ® Rr C K(r).
Then there are ring isomorphisms .
A/b = ZH, Aa=R(r), A/(a+ b)ZH,

with Z as in (7.2). The pullback diagram (7.7) then becomes
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A =2 R(7)

(8.3) Bl lu

ZH— 4 ZH
The map p is given by plx + yr) =X + yr, where x € R maps onto ¥ € R/P & Z.
Since x =x' (mod P) for x € R, we see that (mod P) r commutes with the ele-
ments of R, and hence ZH is an ordinary untwisted group algebra. Further, a is
just the projection of A into the simple component K{r), while B is the projec-
tion into Q +Q, once we identify QH with Q + Q.
In the isomorphism QH =< Q + Q, the ring ZH is identified with

{(ao, al) €Z4+Z:iay=a, (mod 2)}.
It then follows from (8.3) that we may identify A with the ring of all triples
{(“0' a;, x+ yr) € Z + Z + R(r)} satisfying the congruences

(8.4) a,=a, (mod 2), x = (ao + al)/2 (mod P), y= (a(J - al)/Z (mod P).

Now let A’ be a maximal Z-order in A containing A. Since each simple com-
ponent of A is a full matrix algebra over its center, surely A satisfies the Eichler

condition. Furthermore, the discussion in §3(i) shows that
IA')={C . a: a€F, a prime to 2p}
=UZb,, Zb,, SB): by, by €Q, B €L, with b, b;, B prime to 2p}.
On the other hand, I(C, 2p) consists of all C-ideals in F which are prime to 2p.
Therefore (by (3.7))
CA") = I(C, 2p)/IN") = C(Z) x C(Z) x C(S) == C(S),
where C(Z) = ideal class group of Z, and so on. By (3.7) we have D(A) =
I(A")/I(A), where
I(A) ={C - N(x): x € A, x prime to 2p}.
We shall show below that I(A) = I(A"). This will imply that D(A) = 1 and C(A)
= C(A') = C(S), as claimed in (8.1).

(8.5) Lemma. (i) The map u: R{r) — ZH induces an epimorphism of unit
groups: #R(r)) — u(ZH).

(ii) Let B € S be prime to p. Then there exists an element x + yr € R{r)
such that S - N(x + yr) = SB.

Proof. (i) Each element of ZH is of the form 7 + 57, where 7, s € Z have images
7,5 €Z. Since (r +57)(F =57) =72 -52, we see that 7 + 57 € w(ZH) if and
only if 72 £52. Given such a unit 7 + 57, we may form fr + fsr e R{r). Now r

commutes with the £’s, since they lie in S. It follows from (7.5) that f, + rfsr is
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a unit in R(r), and clearly y(f, + fsr) =7 +5r, as desired.
(ii) We have S/(PNS) = Z, so B =r (mod P) for some r € Z with ptr. The
element ‘fr given in (7.3) is a unit in § such that {"r =r (mod P). Setting a =
B - &1, we obtain
S-B=S5-.a, a =1 (mod P).
It then suffices to find an element x + yr € R{r) such that N(x + yr) = a. We may
set

a=1-yw-0Nw+o?

for some y €S. Then define x =x + x,0, y =y, + y 0, where xy =1~-y, y, =
a-xg x ==y, =+ m'l)yo /2. It is then easily checked that x + yr €
R(r), and N(x + yr) = xx' — yy' = .

Let A € A correspond to the triple (ay, @, x + y7); then

C-NQX)=2Zay+ Zay +S - Nx + yr).

Further, A is prime to 2p if and only if ay, a,, and x + yr are prime to 2p. Now
I(A") is generated by ideals of the form

(8.6) Zby + Zb & S8, by by, B prime to 2p.

In order to show that I(A") = I(A), we must show that given the ideal in (8.6), we
can choose @, a,, x + yr prime to 2p, and satisfying (8.4), such that

(8.7) Zao = Zbo, Zal = Zbl' S N(x +y7r) = SB.

Indeed, we pick a, = bo, a, = bl, and we must find x + yr € R{r) such that

1
X = (bo + bl)/Z, y = (bo - bl)/Z (mod P), S -Nx+yr)=S.8.

Let ¢, = (bo + bl)/2, c,= (bo - bl)/z’_fo C12 - c22 = byb,, whence in Z
we have E'lz - ’522 #0. Thus € +Cr € «(ZH). By (8.5)(ii) we may choose x,
Yol € R{r) such that § - N(xy+y,r) =S - B. Hence xyxg— yoy:) is prime to p,

whence X +y 7 € u(ZH). By (8.5)(i), we may choose u € #(R{7)) such that

+

(J?o + 70r) - ula) = T +C,r. Set x +yr= (xo + yor)u; since N(u) € u(S), this gives

S NGx+y)=S.Nlx,+yy7) =SB, and furthermore, X + yr =T, + C,r, that is,

x=c (mod P), y = <, (mod P), as desired. This completes the proof of (8.1).
9. The quaternion group of order 8. Our main result here is as follows:

(9.1) Theorem. Let G be the quaternion group of order 8. Then C(ZG) has
order 2, and equals D(ZG).

We may write

G=(o,r0*=1, 0% =12, ror~! =a'1).
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The group algebra A = QG splits into a direct sum of five simple components:
9.2) A0 is, S-0@0i®0j DOk

The first four components correspond to the four distinct one-dimensional repre-
sentations of G, namely 0 — t1, 7 — 1 1. The fifth component § is the skew-

field of rational quaternions, corresponding to the representation 0 — 7, 7 — j.

It is more convenient for us to use the isomorphism
(9.3) f: 0G =X QV S,

2422 1, st= ts) is an abelian (2, 2)-group, and where the

where V= (s, t: s
isomorphism f is given by o0 — (s, 7), 7 — (¢, j). We will henceforth identify QG
with QV 1 S, and view ordered pairs (v, a) € QV + S as elements of QG.

Now let ey, e, e,, e, be the primitive idempotents of QV, given by e, =
(1% 5)(1 £¢)/4. There is an isomorphism g: QV = 0¥, which we may specify

by setting
3

(9.4) g'l(xo, Xy, Xy x3) = Z xe, x, €0
=0

Our original isomorphism (9.2) may be obtained thus:
0G=QVisa~0@Wis,

In order to determine the image of A in QV + S, where A = ZG, we use a

pullback diagram. Let Qlo?] be the group algebra of the cyclic group [02] gen-

2

erated by the element 0° in the center of G. Set

a=A0o?+1), b=A?2-1),

a pair of two-sided ideals in A. Since QG is Qlo?]-free, it follows at once that
anb=0.

The projection QG — QV induces the mappings

A= ADEZV, 0g—s, 11—t
On the other hand, the projection QG — § gives
A—>ANoXH=-Z®Zi®Zj®ZkCS,
where 0 — i, 7 — j. Then
AMa+ b) X ZV = H,

where Z = Z/2Z, H = H/2H. Let y: ZV2H be the above isomorphism, chosen
so that y(3) =17, }(t_) =7, where bars denote images in ZV or H, depending on

the context.
The pullback diagram (7.7) now becomes
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A — H
03 l l
zZv +ZV H

Y

so under the isomorphism f, we may identify A with the ring

(9.6) {(v, @) v € ZV, a €H, y(®) =3 in H}.

Furthermore, in terms of the isomorphism g: QV & Q(4), it follows from (9.4) that
9.7)  g(ZV) =ilxy x), x,, x5) € z(4), %y tx; 2 x, £ x,=0 (mod 4)},

where the 1 signs are chosen so that the number of minus signs is even.

Nowlet H=H+Z -{({,{=(0+i+j+#k)/2,so H' is a maximal order in §
containing H. As is well known, H' is a noncommutative PID and so its class
group C(H') is trivial. Set A’ = g=Y(Z®) i H', a maximal Z-order in QV + §
containing A; we have

CAY = c2)® 1 cH)=o.

This shows that D(A) = C(A), and it remains for us to prove that D(A) is of order
2. Since § is a totally definite quaternion algebra, A does not satisfy the Eichler
condition, and so we must use the formula D(A) & J(A")/J(A) in Theorem 3.11 to
calculate D(A).

From (9.2) or (9.3), we obtain

Fxo®ig, c=zW;z,
where F is the center of QV + S, C the maximal Z-order in F. Since C(A') =0,
it follows from (3.11) that ](A') coincides with the group I(C, 2) of all C-ideals
in F prime to the rational prime 2. For brevity, let I denote the group of all Z-
ideals in Q prime to 2. Then J(A') = I(C, 2) = I3,
Now let (v, a) € QV + S, viewed as element of QG. It is readily seen that
the reduced norm N(v, a) € F is given by

(9.8) N@, a) = (), Na) € 0¥ 30, veQV,aces,

where Na is the reduced norm of the quaternion a. (If a =x,+x,7+x,7+ x3k,
then Na =X xiz.)
Let Uy =11, i, j, k}, and let U, be the image of U, in u(H).

(9.9) Lemma. There is an epimorphism
0: u(Z,V) x u(H,) — 1),
given by
O, a)=Z) . N(v, a) = (Z*®) . g(v), Z. Na), ve «Z,V), a €u(H,).
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Furthermore, O(v, a) € J(A) whenever y(v) e'dUO.
Proof. The group 1) js generated by elements of the form

w= (Zao, Za,, Za,, Za3, Za4), a; €Z, a; odd.

Given such an element, we may as well adjust the a’s so that

a,=1 (mod4), 0<i<3, a;>0.

By (9.7), there exists an element v € ZV such that g(v) = (a,, a,, a,, a3). On the
other hand, @, = Na for some a € H, since every positive integer is a sum of four
squares. Therefore we have 6(v, a) = w. Since the image of @ is a group contain-
ing the generators {w} of 1) we may conclude that 6 is an epimorphism, as
desired.

Next, suppose that y(v) = %, for some u, € U;. Then (v, au;) €A by
(9.6), and 6(v, aug) = 6(v, a). Since 6(v, auo) € I{A) C J(A), the lemma is estab-
lished.

Remark. Since @ is epic, and A’ D ZV + H, we conclude that I(A") = 169,
But I(A") C J(A') obviously holds true, and therefore J(A") = I0) = I(C, 2), as
previously stated.

We may next deduce from Lemma 9.9 the important fact that |D(A)| < 2. We

shall define an epimorphism
v 19) u(ﬁ)/vo
by setting

vw) = y(@) . a-l.u where w = 0(v, a), v € u(ZZV), ae€ u(Hz).

0’
Let us show that v(w) is well defined. The ideal Z - N(a) is determined by w,
so a is determined up to a factor from u(H). But u(H)={+1, +i, +j, t 4}, and
u(H) maps onto EO C u(H), so that @ (mod UO) is uniquely determined by w.
Secondly, g(v) € Z™) is determined up to a factor from w(Z®). The eight units
(1, £1, 1, £1)} in Z) are the images (under g) of the eight units {1, *s,
tt, tst} of ZV. Hence y(v) is determined up to a factor y(v,), with v, € u(ZV).
But y(5) =1, y(1) =7, so y(7) 6—00 for each v, € u(ZV). Therefore y(¥) is also
uniquely determined in u(H)/UO, and so v is well defined. Obviously, v is an
epimorphism of multiplicative groups.

The second statement in Lemma 9.9 tells us that ker v C J(A). Hence we

have

[u(H) :Uy] = UG i ker v) = [JIA') : ker w1 > [J(A') : J(A)] = |D(A)|.

However, since H =~ ZV, we obtain |u(ﬁ)| = |u(ZV)| = 8. On the other hand,
|U,| = 4. Therefore, |D(A)]| < 2, as claimed.
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We are now ready to use the explicit definition:
J(A) = {C - N*(x): x = unit in E(A, % A},

and begin by describing lr:’(l\2 + Az) as a pullback. Indeed, from (9.5) we obtain a
pullback diagram

E(A + A) E(H + H)
(9.10)

E(ZV % ZV) — E(ZV %+ ZV) — E(H } H)
(It is obvious that this is a pullback, once we identify E(A + A) with the matrix
ring (A)?*2 and so on.) Localizing (9.10) at the rational prime 2, we again obtain
a pullback diagram

E(A, + Az) E(H,+H,)
(9.11) l

E(ZV % ZV) ———E(H + H)

E(Z,V + Z,V)
To complete the proof of Theorem 9.1, it suffices to show that the element
w=I(Z, Z, Z, Z, 3Z) € J[(A") does not lie in J(A). Suppose to the contrary that
w € J(A), so w=Z) . N(x) for some unit x € E(A2 + Az)‘ By (9.11), x corre-
sponds to a pair of 2 x 2 matrices X, Y such that
X = unit in (Z,V)?2, Y = unit in (H,)?2,
9.12) y(}) =Y as matrices over E,
zZW . NX)=(2, 2,2, 2), Z-NY)=3Z

Since ZZV is commutative, the reduced norm N(X) is precisely g(det X). But
N(X) is a unit in Z(‘”, so g(det X) € w(Z4); therefore (as shown in the proof of
(9.9)), det X € u(ZV). Hence y(det X) € y{u(ZV)} = U . Therefore, we have

(9.13) det Y ¢ UO.

Let us write Y = (% g) € (Hz)zxz. Since Y is invertible over H,, it is also
invertible over H'z; but H'2 is a local ring, so either @ or y must be a unit in
H'z. It follows from Lemma 3.3 that either @ or y is a unit in H,. Suppose (with-
out loss of generality) that a € u(Hz). Then

a B a B
N(Y) =N ) = N( = N(ad - aya™18).
y & 0 5-ya~lB8

The image of ad — aya‘IB in H is just det Y (since H is commutative), and
thus this image lies in 50 by (9.13). Therefore,



30 1. REINER AND S. ULLOM

ad-aya~'B=uy(l +2t) for some t €H,.
But then

N(ad - aya~1B) = Nluy) - N(1 +2¢) = 1 + 2(¢ + ¢') + 421,

where ¢’ is the conjugate of ¢ in H. This shows that N(Y) is a positive rational
number, congruent to 1 (mod 4). The equation Z - N(Y) = 3Z is then impossible.
This completes the proof that J(A') £ J(A), and that D(A) has order 2.
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